The quantum theory of cosmological perturbations in single field inflation is formulated in terms of a path integral. Starting from a canonical formulation, we show how the free propagators can be obtained from the well known gauge-invariant quadratic action for scalar and tensor perturbations, and determine the interactions to arbitrary order. This approach does not require the explicit solution of the energy and momentum constraints, a novel feature which simplifies the determination of the interaction vertices. The constraints and the necessary imposition of gauge conditions is reflected in the appearance of various commuting and anti-commuting auxiliary fields in the action. These auxiliary fields are not propagating physical degrees of freedom but need to be included in internal lines and loops in a diagrammatic expansion. To illustrate the formalism we discuss the tree-level 3-point and 4-point functions of the inflaton perturbations, reproducing the results already obtained by the methods used in the current literature. Loop calculations are left for future work.
In this spirit, and hoping to throw more light on the understanding of inflation, here we develop a path integral formulation for inflationary perturbations to arbitrary order in interaction terms. An early path-integral formulation of linear perturbation theory can be found in [57] . A novel feature of our approach is that there is no need to explicitly solve the energy and momentum constraints to a particular perturbative order as is usually done when working in a particular gauge. This allows us to obtain the interaction terms, and hence the vertices, to arbitrary order in a closed form.
We start from the more fundamental canonical path integral and show how to obtain the configuration phase space path integral, making in the process a connection with the well known gauge invariant linear perturbation theory. With a single inflaton there is only one scalar -expressed in terms of the the Sasaki-Mukhanov variable -and two tensor degrees of freedom which propagate, as expected, while the vectors completely drop out at quadratic order. However, various (real and commuting) auxiliary fields which do not appear in the in-state, the external lines in the "in-in diagrammatic" expansion, must be included in computations of N-point functions with N ≥ 4 or calculations involving loops. These fields arise because the constraints are not explicitly solved. Furthermore, anti-commuting ghosts arise from the path integral measure which must also be taken into account at a certain loop order. Here we focus on standard potential-energy-dominated single-field inflation, but the generalization to more fields and more complex theories is in principle straightforward as long as a canonical formulation is available.
The paper is organized as follows: In section II we derive the action for perturbations in a form that includes interactions to all orders in a closed expression, discuss the role of constraints and gauge conditions and formulate the transition amplitude between two quantum states separated by (background) time t in terms of a path integral. In the process the action is written in a form that makes contact with known results from gauge-invariant linear perturbation theory [58] and simplifies the computation of the propagators. In section III we discuss the "in-in" generating functional which provides the appropriate diagrammatic rules for the computation of the N-point functions relevant to cosmology. In section IV we apply the above formalism to give expressions for the tree level 3-point and 4-point functions in terms of propagators, reproducing the results already obtained using an operator formalism and a different methodology. We close in section V with a discussion of our results.
II. QUANTIZATION OF INFLATIONARY PERTURBATIONS
We will consider a single scalar field χ minimally coupled to Einstein Gravity. The action in the canonical form [59] is (κ 2 = 16πG N = 1)
with the hamiltonian H and momentum density
where p ij and p χ are the canonical momenta of the spatial metric g ij and scalar field χ. They are tensor densities of weight one, i.e. p ij / √ g and p χ / √ g are true tensors. In particular, the covariant derivative in (3) is to be understood as, ∇ j p ij = ∂ j p ij +Γ i jl p jl , where Γ i jl is the Levi-Cività connection. Finally, N and N i are the lapse and shift functions, related to the temporal components of the metric tensor as g 0i = g ij N j and g 00 = −N 2 + N i g ij N j , R denotes the spatial Ricci scalar, g = det[g ij ] and p ≡ g ij p ij . We will be interested in quantizing perturbations around a classical inflationary background, so let us set
g ij = a(t) 2 (δ ij + h ij (t, x)) , (6) χ = φ(t) + ϕ(t, x) , (7) N =N (t) + n(t, x) .
Note that the background value of the shift N i is zero. The action S (0) for the background dynamics is obtained by setting the perturbations to zero
where H 0 (t) = − P
The background equations of motion are obtained from S (0) by varying with respect to a, φ, P and P φ , resulting iṅ
where V = V (φ(t)), V ,φ = dV (φ)/dφ and we introduced the 'dotted' derivative,ȧ ≡N −1 da/dt, etc. Furthermore, variation with respect toN gives the constraint H 0 (t) = 0, or equivalently,
The well known equations of flat Friedmann-Lemaître-Robertson-Walker (FLRW) cosmology are obtained with the identification
Indeed, inserting the solutions for the momenta P and P φ into (13-15) one obtains,
φ + 3Hφ + V ,φ = 0 (19)
Recalling that a dot refers to d/(N dt), we see that these equations are time reparametrization invariant. For example, their form in cosmological and conformal time is obtained simply by choosing the lapseN = 1 andN = a, respectively. Of course, only two out of these four equations are independent. Indeed, from the first equation and any one of the other three, one can derive the remaining two equations. To recover the dependence on the Newton constant G N one should reinsert κ 2 = 16πG N = 1 into the r.h.s. of the first two background equations (17) and (18) . In such a model, inflation takes place when the field is rolling slowly on the slope of its potential. We therefore recall the 'slow roll' parameters, which for the purpose of this paper we define as,
Notice that in the slow roll approximation when ǫ ≪ 1 and η ≪ 1, ǫ and η reduce to the standard slow roll definitions,
For the rest of the paper we will be using H instead of P and P φ instead ofφ.
A. The action for perturbations
We can now proceed to obtain the action for the perturbations by making the replacements (4-8) and expanding (1). We ignore terms linear in perturbations since they are multiplied by the background equations of motion (17) (18) (19) (20) , which we assume to hold. We can therefore write the complete action for the perturbations in canonical form as
which completely specifies the dynamics of perturbations to all orders in the interaction terms. For later convenience we have split the full action S pert (22) into the free (quadratic) part S F (23) and the interactions S I (24), which include cubic, quartic and other higher order terms in perturbations.
/N − H pert /N stands for the hamiltonian constraint, which is split into the linear part (denoted by the superscript (1)) and quadratic and higher order parts (denoted by the superscript ≥ 2 and the subscript pert). We have also split the momentum constraint as,
is the full hamiltonian dictating the time evolution of the perturbations, split in Eqs. (23) (24) into a free (quadratic) and an interacting part (qubic, quartic, etc). The Poisson bracket algebra of the system of perturbations can be calculated to close
where the fundamental Poisson brackets are seen from (22) to be
We see that from a canonical point of view, inflationary perturbations form a constrained Hamiltonian system [60, 61] 2 . What is the number of dynamical degrees of freedom in such a system? Following the point of view in [61] , we see that the seven fields (ϕ, h ij ) appearing in (22) are not all independent degrees of freedom: n and N i are lagrange multipliers without dynamics of their own, imposing under variation the conditions C 0 = 0 and C i = 0 which constrain the evolution of the system to take place in a lower dimensional hypersurface of the full 14-dimensional phase space. The functions n and N i are not determined by the dynamics and are arbitrary; in this particular case they parameterize the freedom in choosing how to break spacetime into spatial hypersurfaces and time. Thus, the dynamical equations contain four completely free functions which need to be fixed by the imposition of four further gauge conditions: Q α (h ij , ϕ, π ij , π ϕ ) = 0. These gauge conditions can be chosen at will, up to the requirement
We see that the physical phase space has dimension 14−4−4 = 6. Indeed, as is well known and will be re-derived below, there is only one dynamical scalar and a transverse traceless tensor propagating in single field inflation, corresponding to 3 degrees of freedom and a 6 dimensional dynamical phase space. Note that once a choice of Q α has been made, the lagrange multipliers N α ≡ {n, N i } can be determined by the imposition of the consistency relatioṅ
where the symbol ≈ implies that the constraints C β = 0 are imposed after the poisson brackets are evaluated. Condition (32) then insures that equation (33) can be solved for N α . Since the number of dynamical fields in the system is much less than the apparent dimension of its phase space, it proves convenient to explicitly separate out the 3 propagating degrees of freedom from the rest. We do this in the next paragraph, leading to equation (45) . Let us note that the physical degrees of freedom could be isolated by actually solving the constraints, thus expressing some of the canonical variables in terms of the others, and plugging the solution back in the action. This is feasible for the free theory, where the interactions S I in (24) are ignored [57] . If the interactions are included however, the solution of the constraints can only be found by an iteration procedure and leads to rather cumbersome expressions. The approach we follow in this paper dispenses with the need to explicitly solve the constraints, although by direct comparison it is equivalent to such a solution at the linear level.
Recall now Eqs. (22) (23) (24) , where the action for perturbations was split into the free and interacting parts. Explicating the free action S F (23), the free hamiltonian reads,
where we have used the notation A ijkl ≡ δ ik δ jl + δ il δ jk − δ ij δ kl , and
and where
From now on a superscript/subscript ≥ n will indicate that only terms of order ≥ n in the perturbations are included, such that C ≥2 µ denotes contributions that are quadratic or higher order in the perturbations.
Next, it will be convenient to use the standard scalar-vector-tensor decomposition of the spatial metric perturbation,
with
Furthermore, we will decompose the shift into the longitudinal and transverse components as,
After a series of manipulations, which we present in appendix B, the free action S F can be diagonalized. In summary, if we define
and perform the following linear shifts in all the perturbation fields:
where L 0 , L i , L ij and L ϕ are given in Eqs. (139-143) of appendix B, we find that, up to boundary terms, the free action takes the form
In this form, the action clearly shows that the perturbations which propagate are one scalar degree of freedom w and the 2 degrees of freedom of the transverse traceless tensor h T T ij . All the other fields are auxiliary fields without dynamics of their own. The first line of (45) is well known from the gauge invariant theory of cosmological perturbations [58] 3 . The fields w and h (143) we see that the lapse perturbation n and the shift N i are then given in terms of the fields (ϕ, h ij ) and their one time derivative or one or two spatial derivatives. Thus, the free action (45) contains all the elements of the well known gauge invariant treatment of linear inflationary perturbations and the transition between the hamiltonian and lagrangian formulation of the problem.
Interactions are encoded in S I given in Eq. (24), with
and
where H F and H I are given in Eq. (34) and Eq. (159) of appendix D, respectively. After all the variables are expressed in terms of the redefined fields,ñ,Ñ i , ρ ij and ρ ϕ it becomes clear that S I cannot be written solely in terms of w, h
TT ij and the auxiliary fields which we will collectively call σ. Indeed, if ϕ is exchanged for w in
one obtains an interaction action (24) which is a functional not only of w, h T T ij and σ, but also of h,h and h T i (for a more explicit form of S I see Eqs. (159) and (46-47)). Thus, the interaction terms seem to contain four more fields than those appearing in S F (45) which determines the free dynamics. This is of course related to the aforementioned arbitrariness in the time evolution of the system. The imposition of the four gauge conditions Q α = 0 cures this arbitrariness by expressing h,h and h T i in terms of the fields appearing in S F . This observation also demonstrates the necessity to consider non-linearized gauge transformations when interactions are included. Notice that S F + S I is explicitly invariant under linearized transformations, and hence it would seem that the action as a whole is not since S I explicitly depends on the gauge chosen, even at the linear level. This contradicts the well known exact gauge invariance of the action 5 . The resolution of this seeming paradox lies in the observation that the exact gauge invariance of the action implies that for interaction terms of order up to n, one must be able to absorb any such apparently gauge dependent terms by non-linear field redefinitions: gauge transformations of order n − 1. An explicit example for cubic interactions has been worked out in [13] . With this observation, quantities that have been calculated in different gauges can be compared using the appropriate field redefinitions.
B. The path integral
The results of the previous section can be used to obtain a convenient quantization scheme for the perturbations, including the interactions. According to the above discussion, inflationary perturbations are described by a constrained hamiltonian system with action (22) . In general, the quantization of such systems is easily formulated in terms of a path integral [61] . Indeed, the transition amplitude from state |A; t A at t = t A to |B; t B at time t B can be written
where S pert is given in (22) (23) (24) , integrated over time t ′ ∈ [t A , t B ], and we have schematically denoted the initial (A) and final (B) field configurations by the limits of the path integral. The transition amplitude (48) is the fundamental quantity for calculating quantum correlators of any kind and the starting point for calculating the correct lagrangian path integral. According to [61] , it is independent of the choice of gauge conditions Q α , as long as the boundary states are appropriately defined in an invariant manner. We shall address this issue in a forthcoming publication. Note the appearance of a non-trivial measure containing |Det {Q α , C β }|, the determinant of the Poisson brackets between the constraints C α and the gauge conditions Q α . Equation (48) is a self-contained starting point for doing perturbative calculations. By splitting the action as above in (22-24)
it is possible to evaluate the path integral (48) perturbatively, expanding in powers of the interaction action, after including an appropriate representation of the determinant. The free action S F then determines the propagators while S I gives the various interaction vertices, completely defining a diagrammatic expansion. The focal point of the previous section has been the free action (23) and (34) (35) (36) that can be brought to the diagonal form (45) from which propagators can be easily obtained. The field redefinitions (41) (42) (43) (44) are linear shifts in all the fields of the action which do not affect the form of the functional measure in the path integral. More precisely, they contribute time dependent -but field independent -factors which cancel in our later computations. The transition amplitude can therefore also be written in terms of the redefined fields as
making it evident that the physical propagating degrees of freedom of the system are the quanta of w and h
DS collectively denotes integration over the 11 auxiliary fields. One can note that the full action is quadratic in ρ ij and ρ ϕ which could in principle be integrated out. However, it proves convenient to keep them along withñ,Ñ T i andS. The "propagation" of all these auxiliary fields is determined by the second line of (45) and is trivial. We here use the term propagation for the auxiliary fields rather loosely since they are not attached to wave operators. Since w and h T T ij are the dynamical degrees of freedom, it is clear that the initial and final states should be determined in terms of their free quanta.
To complete the derivation of the more workable expression for the path integral, we are left with the task of evaluating the determinant |Det {Q α , C β }| in (50) . Denoting
where the gauge condition Q γ = 0 has been imposed after evaluating the Poisson brackets, we can represent the determinant as a path integral over anticommuting scalar fields -Faddeev-Popov ghosts -η α and η α
The transition amplitude is then written as
where we have split Ω αβ = Ω F αβ + Ω I αβ into a free part, determining the "propagation" ofη α and η α , and an interaction part which contains the other fields and couples them toη α and η α . Two common gauge choices Q α and the resulting matrices Ω αβ are discussed in the appendix. We now have a complete description of the transition amplitude amenable to perturbative calculations. Equation (53) is the central result of this paper.
III. THE FUNCTIONAL IN-IN FORMALISM AND EXPECTATION VALUES
The previous section described the derivation of a path integral representation for the transition amplitude between states of inflationary perturbations in the past and the future, separated by time t. The perturbative evaluation of such amplitudes between the far past and the far future leads to the usual Feynman diagrams for the calculation of S-matrix elements, i.e. scattering amplitudes between in-states and out-states, useful in deriving predictions for the scattering experiments of particle physics. However, in cosmological applications the quantities of interest are not scattering amplitudes between predefined states (a boundary value problem), but expectation values of operators at a time t, given an initial state |in, t A at time t A (an initial value problem). For the purpose of this work, this state is defined in terms of the freely propagating modes of w and h TT ij at very early times: t A → t −∞ , and is taken to be an appropriately defined vacuum state |Ω, t −∞ . More generally, one has to begin the evolution from a finite time and with an initial state chosen such that it includes corrections due to the interactions, such that all field correlators are finite at the initial hypersurface. In this setting, the calculation of expectation values leads to a modification of the standard diagrammatic rules of QFT. Here, we sketch the functional in -in formalism for obtaining expectation values and arrive at the appropriate diagrammatic rules. For more details see [64, 65] as well as the appendix of [44] .
A. The in-in generating functional
In analogy with standard QFT, one defines the in-in generating functional Z[J − , J + ] which contains two arbitrary and independent sources J + and
where α, t out |Ω, t −∞ J denotes the transition amplitude from the aforementioned vacuum state at time t −∞ to a state |α, t out at time t out in the presence of a source J. Expression (54) can be interpreted as going forward in time in the presence of a source J + and then returning back in time in the presence of a source J − . This explain the term "closed-time-path formulation" that is sometimes also used. However, in what follows such an interpretation is not needed. The final time t out can be taken to be any time later than all the times of interest in the calculation; here we take t out to be in the far future, t out → +∞. Obviously, Z[J, J] = 1. The transition amplitudes appearing in (54) can be expressed in terms of path integrals. Collectively denoting the relevant fields by ξ we have that
with boundary conditions appropriate for the state |Ω, t −∞ at t −∞ and the constraint that ξ + (t out ) = ξ − (t out ). Once Z[J − , J + ] has been calculated, expectation values can be obtained by taking variational derivatives:
where
is impossible for interacting theories but it can be evaluated perturbatively. Writing the action as a free part plus interactions
we have
where D 0 denotes the operator acting on ξ as implied by the free action (45) . The last equality is derived by shifting the fields
where the Keldysh 2 × 2 matrix of propagators is defined as the matrix inverse of D 0 ,
The J-independent path integrals in (58) contribute phase factors which cancel. The diagonal elements in (60) are the (Wightman) Green functions of the operator D 0 which appear in usual S-matrix calculations in QFT, while the offdiagonal elements are solutions of the homogeneous equations, D 0 i∆ −+ = D 0 i∆ +− = 0. These off-diagonal elements in (60) are necessary in order to impose the boundary condition ξ + = ξ − at time t out on the J-dependent parts of ξ + and ξ − . The explicit form of the ∆ propagators can be found by using (56) and (58), after setting S I → 0. We see that for propagating fields the appropriate elements of the Keldysh (bosonic) propagators in (60) are
where the Wightman functions i∆ +− and i∆ −+ are defined as,
and |Ω denotes the physical vacuum state 8 . If the fields are non-propagating, the Wightman functions vanish, ∆ +− = 0 = ∆ −+ and Eq. (60) is easily inverted,
B. Propagators
Let us now focus on the problem at hand and in particular on the propagators that correspond to S F given in (45) .
and for h
can be obtained by solving the equations,
where z ≡ √ ǫ/3, P ij = δ ij − ∂ i ∂ j /∇ 2 denotes the transverse projector, and the operator ∇ −2 is defined by ∇ −2
The projectors on the right hand side of (67) project out the potentially unphysical (scalar and vector) 'degrees of freedom,' which are not transverse or which are not traceless, assuring the correct counting of the physical degrees of freedom. Due to the infrared problems which plague Eqs. (66) (67) in accelerating space-times, the corresponding solutions are not simple and need to be handled with due care [52, 53, 68] . Here we just note that, when the fields in (64) and (65) are Fourier transformed to the spatial momentum space,
and written in conformal time (N → a(η), t → η), Eqs. (66-67) simplify to,
We arrived at these results by choosing the physical state |Ω that is destroyed by the annihilation operators a k and a α,k in (68), a k |Ω = 0, a α,k |Ω = 0. The solutions of Eqs. (69) can be expressed in terms of the mode functions w(η, k) and h(η, k) as,
where w(η, k) and h(η, k) satisfy,
where ǫ α ij denotes the graviton polarization tensor. 10 These equations can be solved for certain choices of the scale factor a = a(η). For example,
and (70) can be solved in terms of the Hankel functions,
and where ν w = ν h ≡ ν = (3−ǫ)/[2(1−ǫ)], and the coefficients (α w (k), β w (k)) and (α h (k), β h (k)) of positive and negative frequency mode functions are chosen such that the real space propagators are infrared finite [42, 53] . Alternatively, 9 The normalization on the right hand side can be checked by noting that, if the graviton were not transverse or traceless, i.e. just an ordinary 3 × 3 symmetric matrix, then the propagator equation would read
Eq. (67) is obtained from this equation by removing the longitudinal and the trace degrees of freedom. 10 The polarization tensor ǫ α ij satisfies,
one can place the Universe in a large comoving box [43, 45, 52, 68] , or in universe with spatially positively curved sections, which effectively remove the far infrared modes, thus rendering the state infrared finite. For non-constant ǫ, solutions can be obtained in the slow-roll approximation, by using the de Sitter mode functions around the time of first Hubble crossing [13] , or the methods of [69] .
The two-point correlators for all of the auxiliary fields, ρ ij , ρ ϕ ,ñ ,Ñ T i andS, can be straightforwardly obtained. It is clear that the off-diagonal elements (Wightman functions) of (60) vanish, while the diagonal elements are either proportional to delta functions or involve spatially non-local operators. In particular, the Green functions for the auxiliary fields as implied by (45) are
with all the i∆ +− = 0 for the auxiliary fields.
Let us now turn to the ghost fields. Their propagators satisfy the equations of motion of the general form,
Whether the ghosts are propagating or not depends of course on the choice of gauge conditions and in particular whether the latter contain time derivatives. In the former case we have
Note that because they are anticommuting, their corresponding time ordered and anti-time ordered propagators differ slightly from the bosonic counterparts (61) (62) . Since common gauge choices do not lead to propagating ghosts, the corresponding propagators have simpler form than the one given in (78-79). Consider, for example, the tensor gauge
Imposing the gauge conditions Q α = 0 sets h =h = h T i = 0 and hence the metric perturbation contains only the (transverse traceless) tensor part of the spatial metric, while w represents the perturbation of the inflaton. In linear theory it corresponds to the uniform spatial expansion gauge, or the comoving gauge.
From Eq. (156) in Appendix C it follows that the free part of the ghost operator Ω F αβ is non-dynamical in the tensor gauge; it reads:
11 Eq. (73) is obtained by noting that the inverse of A ijkl is (
. That this indeed is the correct definition of the inverse can be checked by calculating, for example, the propagator for the (scalar) trace ρ ≡ δ ij ρ ij of ρ ij , for which the free action (45) The ghost equations, when written in a condensed matrix notation:
and (i∆ η ) ±∓ (x; x ′ ) = 0. The second gauge we consider here is the uniform field gauge,
In this gauge Q α = 0 fixes ϕ =h = h T i = 0 and hence the metric perturbation contains the tensor and the spatial trace perturbation. This means that w now represents the perturbation of the local spatial volume, or the spatial curvature perturbation. From Eq. (158) we see that, also in the uniform field gauge, the free ghost operator is nondynamical,
implying the following 2-point ghost correlators
Notice that the gauge (83) is not suitable when one is interested in the de Sitter limit ǫ → 0, since the ghost propagator (85) appears singular in that limit. That problem can be fixed by simply replacing Q 0 in (83) by Q 0 = ϕ/φ. In order to make the whole action (22-24) regular, one also needs to redefine the canonical momentum of ϕ as P φ π ϕ → π ϕ , and similarly −( √ ǫ/3)w →φ, such that the corresponding propagators (72) and (66) become regular. When these changes are exacted, the de Sitter limit of our path integral (53) will be regular in the uniform field gauge.
C. Diagrammatic rules
After expanding (58) in powers of S I , we are led to a diagrammatic expansion for Z[J + , J − ], analogous to that of the vacuum-to-vacuum amplitude in the presence of a source J of standard QFT. Diagrams are now composed of external lines coupling + and − currents at external points to + and − vertices, as well as internal lines coupling + and − vertices with each other. Each vertex carries a +i or −i factor respectively, along with the relevant interaction factors. Vertices and currents of the same valence, (+, + and −, −) are joined by lines corresponding to ∆ ++ and ∆ −− propagators, respectively, while those of opposite valence (+, − and −, +) are joined by ∆ +− and ∆ −+ propagators, respectively. Finally, one integrates over the coordinates of internal points.
It is important to keep in mind that, as mentioned above, the 2-point correlators of the auxiliary fields and of the ghosts in common gauges satisfy ∆ +− = ∆ −+ = 0 while the ∆ ++ and ∆ −− are either delta functions or involve non-local spatial operators of the type
Since there is no actual propagation in spacetime, these correlators always correspond to effective vertices, either local or non-local.
Once Z[J − , J + ] has been expressed as a sum of diagrams to the desired order in the interaction or in loops, variational derivatives will then give expectation values according to (56) . Note that in case all fields in (56) are taken at the same time, the valence of the currents is immaterial; here we will be using J + , so that e.g.
Ω|ξ(t, x)ξ(t, y)|Ω
All of the above mirrors the corresponding discussion for standard QFT transition amplitudes. We can thus summarize the diagrammatic rules for the calculation of an n-point function Ω|ξ(t, x)ξ(t, y) . . . ξ(t, z)|Ω as follows (see the appendix of [44] for a complete definition of such rules):
• draw the usual Feynman Diagrams with all external points having a + valence;
• all internal vertices are either + or -and carry a +i or −i factor, respectively, along with all the relevant interaction operators;
• connect external points with vertices and vertices with each other by the propagators of the appropriate valence;
• integrate over the temporal and spatial coordinates of all the vertices.
D. The tensor gauge and cosmological perturbations
The N-point functions of the trace of the spatial metric Ω|h(t, x 1 )h(t, x 2 ) . . . h(t, x N )|Ω on comoving spacelike hypersurfaces are significant cosmological observables, particularly in relation with the non-Gaussianity of cosmological perturbations. During inflation, such quantities can be directly computed in the uniform field gauge, since in that gauge w → h. However, the interaction terms in S I are simplest in the tensor gauge and the question arises of how to relate results in these two different gauges. The issue is that, although the transition amplitude (53) is independent of the choice of gauge conditions, simply coupling w to a current and calculating expectation values does not automatically lead to a gauge invariant expression. This is obvious since w is not invariant under non-linear transformations and adding a Jw term in the action explicitly breaks its gauge invariance. A more physical way to understand this is to note that a time slice defined by some fixed value t of the background time corresponds to physically different hypersurfaces in different gauges. Thus, one cannot simply compare w N (t) for fixed t in different gauges because it refers to physically different quantities evaluated on different timelike hypersurfaces. Such difficulties can be circumvented however if we define the observables of interest and the timelike hypersurfaces on which they are to be calculated in a geometrical fashion [70] .
So, let us choose the tensor gauge to obtain the interaction terms. The physical interpretation of w is that it represents the quanta of the scalar field: w = −(3/ √ ǫ)ϕ, while the metric perturbations are transverse traceless tensors. Interactions between these degrees of freedom are specified by S I in this gauge, given explicitly in section IV below. The transition amplitude that enters in (54) is then written as
where the operator Ω αβ is the one appropriate for the particular gauge choice -see (81) and (156) -and the vacuum states have been obtained by considering large time intervals and the appropriate iǫ prescription. The expectation value of any product of w's can now be calculated using the diagrammatic rules described above, remembering that the meaning of correlators in this gauge is
Let us now consider the hypersurfaces defined by the condition ϕ = 0, which are of course different from the t = constant hypersurfaces in the tensor gauge we are using. We are interested in the determinant Det[γ ij ] ϕ=0 of the 3-metric γ ij induced on these hypersurfaces which measures their local expansion. Writing
we can calculate the expectation value of any N-point function of ζ from
where on the r.h.s. ζ(w) has been expressed as the appropriate function of w and all occurrences of w have been replaced by δ/[iδJ + (t, x)]. For example, to second order in perturbations, ζ is related to w in the tensor gauge by (cf. e.g. [13] ):
When restricted to long wavelengths, formula (91) could be considered as a quantum mechanical generalization of the ∆N formula. Analogous expressions can be used for relating any quantity of interest to results obtained in the tensor gauge.
IV. THE 3-POINT AND 4-POINT FUNCTIONS OF INFLATON PERTURBATIONS
As an illustration of the formalism developed above, we will derive expressions for the tree-level 3-point and 4-point functions of the inflaton fluctuations. We shall work in the tensor gauge (80). All of the relevant cubic vertices are presented in Appendix D in Eqs. (161-164) . Here we list the specific couplings that are relevant for computation of three and four point functions.
From Eqs. (161-164) we can easily extract the terms involving w 3 :
Notice that the w 2ẇ term can be integrated by parts to obtain terms that can be combined with the w 3 terms. The terms in Eqs. (161-164) of relevance for the tensor three-point function involving three gravitons are,
There are also the cubic terms that involve two scalars and one graviton and those that involve one scalar and two gravitons,
Notice that the last term in (95) will contribute as O(ǫ 2 ) to the 4-point function [71] . For the calculation of the scalar 12 The result (93) can be compared to Eq. (3.8) of Ref. [13] , which, when expressed in our language,φ → 2
We extracted 1/9 in (93) as opposed to 1/18 in (93) in order to compensate for the different definition of the Planck constant in Ref. [13] , where 8πG N = 1 (recall that here 16πG N = κ 2 = 1). By comparing Eqs. (93) and (93) we see that the leading order (O(ǫ 2 )) terms agree, while there are some disagreements in the subleading terms (recall that V ,φφ and V ,φφφ / √ ǫ are both linear in slow roll parameters). Since it involves subdominant terms, this discrepancy is quantitatively unimportant. Nevertheless, it would be of interest to find the source of the disagreement.
four-point functions the terms involving w 2 and any of the auxiliary fields {S,ñ, δN
The purely quartic scalar terms can be read off from Eqs. (170-172) in Appendix D,
With the above interaction vertices one can, for example, compute the scalar contributions to the 3-point and 4-point functions, as we describe below.
A. The 3-point function w 3
We can now use the diagrammatic rules described above to obtain the tree level 3-point function. The relevant diagrams are
where the vertex is determined by (93). Keeping the leading order (O(ǫ 2 )) slow-roll terms in Eq. (93),
and recalling Eqs. (50), (54) (55) (56) and (87) we see that the first interaction term in (100) contributes as
which is just the retarded contribution. Including in the similar manner the other two leading order contributions from (100) we finally get for the scalar three point function,
where perms denote the six permutations of {x, y, z}. When Eq. (102) is transformed to the spatial Fourier space, and inflationary mode functions are used for the scalar propagators, one can calculate the induced bispectrum, which in turn can be related to the cosmic background temperature fluctuations. As expected, the expression (102) leads to a manifestly real result since ∆ w +− = −(∆ w −+ ) * , and coincides with that obtained in the operator formalism [13] via
where S I is the interaction action in the tensor gauge and all fields are taken to be free Heisenberg fields. Thus, we have reproduced the results already obtained using the operator formalism and canonical quantization [13] . 
where the dashed line represents the "propagation" of auxiliary fields. As is evident from the form of the auxiliary propagators, such diagrams correspond to effective 4-point interactions. Since ∆ ±∓ = 0 for all of the auxiliary fields, there can be no +− internal lines involving auxiliary fields. The leading order O(ǫ 1 ) terms from Eq. (97), determining the vertices of the diagrams (104), read
Diagrams like (104) contribute products of the form,
whereÔ is an operator and we used the auxiliary propagators (74-76). Note that the contributions from the two auxiliary fields linking the termsñ − ∇ 2S /[(3 − ǫ)a 2 H] cancel each other out. We see that the exchange of auxiliary fields induces an effective 4-point interaction given by the expression inside the curly brackets of (106). This effective interaction corresponds to the leading order terms of the quartic interaction terms derived in [72, 73] .
The contribution to the four point function is obtained whenÔ → w + (t, x)w + (t, y)w + (t, z)w + (t, v). The result is,
where perms denote the 24 permutations of {x, y, z, v}. This leading order contribution is of the order O(ǫ 2 ). There is also the tree level contribution coming from the graviton exchange. The leading order vertex in Eq. (95) is of the order O(ǫ 1 ), and hence formally it also contributes at the order O(ǫ 2 ). Here we do not discuss this contribution any further, and refer the reader to Ref. [71] where the graviton exchange contribution to the 4-point function has been estimated. Finally, the terms in Eq. (98) yield contributions that are of the order O(ǫ 4 ); since their contribution to the four point function is suppressed with respect to (107), we do not calculate them here.
V. DISCUSSION
In this paper we developed a path integral formulation for inflationary perturbations in single field inflation. Using a phase space formulation of the system as a starting point, we were able to bring the free action into a particularly simple form which allows for a straightforward calculation of the various propagators, recovering in the process standard results of linear gauge-invariant cosmological perturbation theory. The interaction terms can then be obtained without the necessity of first solving the energy and momentum constraints as has been done so far in the literature. A notable feature is the appearance of two types of auxiliary fields in the path integral beyond the physical propagating degrees of freedom: a set of commuting non-dynamical fields related to the existence of the constraints, as well as a set of anticommuting Faddeev-Popov ghost fields induced by the imposition of gauge conditions. The resulting path integral is independent of the choice of gauge, provided the asymptotic states are defined in terms of the linearized fields and the corresponding linearized gauge transformations.
We then briefly described how to obtain N-point expectation values and commented on the meaning of two different gauges and their relation to cosmological observables in this formalism. They are the uniform field gauge and the tensor gauge which have been widely used in past considerations of non-Gaussianity but in the context of an interaction picture operator approach. Correlators can be expressed in a systematic expansion in diagrams in the in-in formalism. We found that, when quantum loops are taken into account, anticommuting ghost fields must be included in the computation. Furthermore, internal lines in diagrams should also include the commuting auxiliary fields and we demonstrated their role in the computation of 4-point functions, in which the leading order contributions indeed come from diagrams with internal lines involving auxiliary fields. This way of obtaining the effective 4-point interactions seems simpler than having to go through the solution of the constraints at second order and the substitution of these solutions back in the action [72, 73] .
So far, we have only considered standard single field inflation but the generalization to multi-field and more complicated models should be straightforward as long as the canonical formulation is known. We have also explicitly considered only tree diagrams in the tensor gauge, noting that the standard non-linear redefinitions (gauge transformations) can be used to obtain results for the curvature perturbation on comoving slices. Of course we could have obtained this result by working directly in the uniform field gauge, at the price of more complicated interaction terms. Relating results in the two gauges would be particularly interesting if quantum loop corrections are taken into account and questions of renormalization arise. This is a regime where the role of the anticommuting ghosts would become crucial. Currently such questions are only addressed using the (essentially classical) ∆N formalism on long wavelengths. Other issues involve the appearance of infrared divergences, backreaction and a more rigorous definition of stochastic inflation. A path integral formulation might prove very useful for such considerations which will be the focus of future work.
We will find the following notation useful: a numerical subscript n will indicate that terms of order n and higher in h ij are included. For exampleg
For example, in accordance with this notation, we have (
We will also be using
We can now write the spatial connection as
The corresponding Ricci scalar R = g ij R ij , with
Now making use of
and upon summing various identical terms, Eq. (115) can be written in the more symmetric form as,
where (see Eq. (112))
Formula (117) contains vertices to all orders generated by the √ gR term, and it is written such that it is relatively easy to extract its contribution to an arbitrary n-point vertex. For example, the linear contribution in h ij is
while the quadratic contribution reads,
where in the last line we ignored several total spatial derivative terms (tot. der.), which drop out when inserted into the (free part of the) action (1).
Appendix B
We now present steps in the derivation of the free action (45) and (137) below. Let us first analyze the momentum part of the action (1-3) quadratic in perturbations (see Eq. (34)), which can be written in the form,
It is now convenient to complete the square in Eq. (121) by the appropriate shifts of the momenta π ij and π φ of the gravitational and scalar fields, respectively. From Eq. (121) we easily see that the shifted momenta are,
With these we get for the momentum terms (121)
The linear shifts (123) and (124) decouple the momenta from the inflaton and the metric perturbations. Next we observe from (125) that the momenta shifts (123) and (123) have introduced terms quadratic in the lapse perturbation n. Along with the original linear terms in the action (23), they read
Just like in the case of the momentum terms above, we now complete the square for the lapse. The contribution is,
From the above manipulations we have the shift N i also contributing to the quadratic action
where in fact only the vector and scalar parts of J ij in (131) contribute. Analogously to the lapse, the shift contribution to the quadratic action can be written (up to boundary terms) in the form,
When all the terms from Eqs. (125), (128), (132) and (34) are combined, we get the intermediate, complex expression for the action of quadratic perturbations in h ij and ϕ (here we drop the contributions from the momenta and constraints),
This action can be significantly simplified when expressed in terms of the transverse traceless tensor h T T ij defined in Eq. (37) (38) and the gauge invariant combination of scalar matter and scalar gravitational potentials,
which is also known as the Sasaki-Mukhanov variable. An important step in the derivation of the quadratic action is a partial integration of the terms that contain one time derivative acting on perturbations ϕ and h ij . Furthermore, since vectors are not sourced, their contribution to (135) cancels out, and the contributions from scalars and tensors separate. Following this procedure one eventually arrives at the quadratic action,
and the shifts L 0 , L i L ij and L ϕ of the shifted momenta and constraints (41) (42) (43) (44) in the first line of (137) can be obtained from Eqs. (122-123), (127) and (133-134) and read
We shall now argue that the action (137) is gauge invariant. To show this we need to consider how the metric and scalar transform under infinitesimal coordinate transformations,
, under which the metric transforms as, g µν → g µν − 2∇ (µ ξ ν) , ξ µ = g µν ξ ν . To evaluate the covariant derivative in the metric transformation need the Levi-Cività connection to the zeroth order in perturbations. The nonvanishing components are,
On the other hand, the metric components to linear order in perturbations are, g
00 = −2N n ; g
where h ij is decomposed as in Eqs. (37) (38) . These then imply the following linear transformation rules,
where ξ i = ξ An important question is whether the whole action (137) is gauge invariant, also when the momentum terms are included. That the answer is yes can be argued as follows. When the Hamilton equations for the momenta, obtained by varying the action (1), are solved in terms of the fields and inserted back into the action (1), one obtains the standard Einstein-Hilbert action. This then suggests that one can define the coordinate transformations for the momenta such that also the action (1) becomes covariant. When this program is carried through at linear order in coordinate transformations, one gets the transformation rules for the momenta which render the free action (137) gauge invariant. To see how this works in detail, note first that varying the action with respect to ρ ϕ and ρ ij yields ρ ϕ = π ϕ + I ϕ /2 = 0 and ρ ij = π ij + (I ij − δ ij I)/2 = 0, cf. Eqs. 
and based on the Hamilton equations for the (unshifted) momenta π ϕ = −I ϕ /2 and π ij = −(I ij − δ ij I)/2, we conclude that the momenta transform as,
From this one can easily reconstruct how the scalar, vector and tensor components of π ij = (δ ij /3)π + (
The implications of these transformation rules for the cosmological perturbation theory are discussed in section II B. Next, the action (137) is time reparametrization invariant. Thus choosing, for example,N = 1 orN = a gives the action in physical (cosmological) or conformal time, respectively. One often defines the Mukhanov variable [58] v = aφ. For example, when written in conformal time (N = a, t → η) the lagrangian of the scalar part of the action (137) will acquire an additional [a ′′ /a]v 2 contribution (here a prime refers to a derivative w.r.t. conformal time η):
where L = L ij δ ij is defined in (141), where h = 0 =h = h T i and ϕ → −[P φ /(6a 3 {Q 0 (x, t), C i (y, t)} = − 1 a 2g ij (∂ j ϕ) δ(x − y) ,
and the other Poisson brackets {Q i (x, t), C β (y, t)} are identical to the corresponding tensor gauge expressions in Eq. (155). In this gauge ϕ = 0 =h = h 
The shift functions (139-143) are,
Finally, for the calculation of four point functions, the quartic contribution from the interaction action (24) is needed,
where C are the cubic parts of Eqs. (46) (47) . In tensor gauge they are,
